Abstract. We apply the result of [His12] to the family of graded linear series constructed from any test configuration. This solves the conjecture raised by [WN10] so that the sequence of spectral measures for the induced C * -action on the central fiber converges to the canonical Duistermatt-Heckman measure defined by the associated weak geodesic ray. As a consequence, we show that the algebraic p-norm of the test configuration equals to the L p -norm of tangent vectors. Using this result, We may give a natural energy theoretic explanation for the lower bound estimate on the Calabi functional by [Don05] and prove the analogous result for the Kähler-Einstein metric.
Introduction
Let X be an n-dimensional smooth projective variety and L an ample line bundle over X. In the sequel we also fix a smooth Hermitian metric h on L, which has strictly positive curvature over X. The curvature form defines a Kähler metric in the first Chern class c 1 (L). Conversely, any Kähler metric ω in c 1 (L) has a Kähler potential ϕ in each local trivialization neighborhood such that the correction of e −ϕ defines a Hermitian metric with the curvature form ω = dd c ϕ, uniquely up to multiplication of a constant. We identify h with the correction of weights ϕ and with ω. The space of Kähler metric H is the set of all h = e −ϕ , endowed with the canonical Riemannian metric
which is defined for any tangent vector u at ϕ. There is the canonical K-energy functional M : H → R such that any constant scalar curvature Kähler metric is characterized as a critical point of this energy. This K-energy is known to be convex along any smooth geodesic ray in H and it is important to investigate the gradient of the energy at infinity along a given geodesic ray ϕ t (t ∈ [0, +∞)). A geodesic ray in H corresponds to a special kind of degeneration of (X, L) in algebraic geometry. A flat family of polarized schemes π : (X , L) → C with (X 1 , L 1 ) = (X, L) and an equivariant C * -action on (X , L) is called a test configuration. We denote the datum by T . For each k 1 let H 0 (X 0 , L ⊗k 0 ) = λ V λ be the eigenspace decomposition of the induced C * -action on the central fiber. Then we have the asymptotic
We call the coefficient F 1 in the subleading term as the Donaldson-Futaki invariant of T . It was first established by [PS07] that any test configuration T with fixed metric ϕ canonically defines a weak geodesic ray ϕ t emanating from ϕ, in the space of Kähler metric. (Here for the proof of the main theorem we adopt the construction of [RWN11] so that ϕ t − F 0 gives the geodesic ray in [PS07] .) In this situation it is now conjectured that the Donaldson-Futaki invariant corresponds to lim t→∞ d dt M(ϕ t ) if the latter one is properly defined for the weak geodesic ray. In this paper we further relate the asymptotic distribution of eigenvalues to ϕ t and give some application to the estimate for F 1 . Our main theorem claims that the associated sequence of spectral measures converges to the canonical Duistermatt-Heckman measure defined by ϕ t . The MongeAmpère (or Liouville) measure MA(ϕ t ) is defined for each singular ϕ t and equals to (dd c ϕ t ) n if ϕ t is smooth (see subsection 2.1).
Theorem 1.1. Let T be a test configuration with normal X . Then the weak limit of the normalized distribution of eigenvalues is given by the push-forward of the MongeAmpère measure MA(ϕ t ) to the real line by the tangent vectorφ t . That is, for any t 0 we have
Here δλ k denotes the delta function for λ k ∈ R. In particular, the right hand side measure is independent not only of t but also of ϕ, and defines the canonical DuistermattHeckman measure. Theorem 1.1 was first conjectured by [WN10] and proved for product test configurations in the same paper. The analogous result for geodesic segments was obtained by [Bern09] in a different approach. Recall that the above definition of F 1 was motivated by the equivariant Riemann-Roch formula of [AB84] , which can be applied to the product test configuration and in that case one has the Duistermatt-Heckman measure on the central fiber in the usual way. In word of geodesic the central fiber corresponds to t = ∞ and our canonical Duistermatt-Heckman measure which is independent of t gives the right generalization to any test configuration. Then Theorem 1.1 can be seen as a part of the ideal index theorem for an equivariant family which admits very singular fiber over the fixed point 0 ∈ C. Taking the p-th moment of the above measure, we may extend the definition of algebraic norm in [Don05] to any p 1 and relate it to the L p -norm of tangent vectors on the weak geodesic ray.
Theorem 1.2. Let us define the trace-free part of each eigenvalue λ as
and for each p 1 define the p-norm T p by
Then the limit exists and
Using Theorem 1.2, we may give an energy theoretic explanation for the [Don05] 's lower bound estimate on the Calabi functional. In particular in the Fano case we obtain the following. Note that when L = −K X any metric h = e −ϕ can be identified with the positive measure which is described as e
−ϕ is called a Kähler-Einstein metric if it satisfies the identity of the measures:
Theorem 1.3. Let X be a Fano manifold and T a test configuration of (X, −K X ), whose total space X is normal. Then for any smooth Hermitian metric h = e −ϕ on −K X and exponents 1 p, q +∞ with 1/p + 1/q = 1 we have
In other word, the difference from Kähler-Einstein metric is bounded from below by the Donaldson-Futaki invariant.
Let us briefly explain the outline of our proof of Theorem 1.1. The proof is based on the analytic study for graded linear series, which was exploited in [His12] . We apply it to [WN10] 's family of graded subalgebras
which is constructed from T and each λ ∈ R as follows. For a given section s ∈ H 0 (X, L ⊗k ), let us denote its unique invariant extension which is at least meromorphic over X bys. We define W λ,k as the set of sections s whose invariant extensionss have poles along the central fiber X 0 = {t = 0} at most −⌈λk⌉ order. In other words,
Then it can be proved algebraically that the limit of spectral measures is given by the Lebesgue-Stieltjes measure of the volume function vol(W λ ) in λ. The main theorem of [His12] interpret each volume into the Monge-Ampère measure of associated equilibrium metric P W λ ϕ. The Legendre transformation of this family of equilibrium metrics is nothing but the weak geodesic ray ϕ t so that we may complete the proof by the recent developed techniques of pluripotential theory. This kind of approach seems itself interesting and we hope it should be studied more in the future.
2. Analytic description of the volume 2.1. Monge-Ampère operator. In this section, we briefly review the definition and basic properties of the Monge-Ampère operator. Let L be a holomorphic line bundle on a projective manifold X. We usually fix a family of local trivialization patches U α which cover X. A singular Hermitian metric h on L is by definition a family of functions h α = e −ϕα which are defined on corresponding U α and satisfy the transition rule: ϕ β = ϕ α − log |g αβ | 2 on U α ∩ U β . Here g αβ are the transition functions of L with respect to the indices α and β. The weight functions ϕ α are assumed to be locally integrable. If ϕ α are smooth, {e −ϕα } α defines a smooth Hermitian metric on L. We usually denote the family {ϕ α } α by ϕ and omit the indices of local trivializations. Notice that each ϕ = ϕ α is only a local function and not globally defined, but the curvature current Θ h = dd c ϕ is globally defined and is semipositive if and only if each ϕ is plurisubharmonic (psh for short). Here we denote by d c the real differential operator
. We call such a weight a psh weight. The most important example is those of the form k −1 log(|s 1 | 2 + · · · + |s N | 2 ), defined by some holomorphic sections
Here |s i | (1 i N) denotes the absolute value of the corresponding function of each s i on U α . We call such weights algebraic singular. More generally, a psh weight ϕ is said to have a small unbounded locus if the pluripolar set ϕ −1 (−∞) is contained in some closed complete pluripolar subset S ⊂ X (e.g. a proper algebraic subset).
Let n be the dimension of X. The Monge-Ampère operator is defined by
n when ϕ is smooth. On the other hand it does not make sense for general ϕ. The celebrated result of Bedford-Taylor [BT76] tells us that the right hand side can be defined as a current if ϕ is at least in the class L ∞ ∩PSH(U α ). Specifically, by induction on the exponent q = 1, 2, ..., n, it can be defined as:
for each test form η. Here denotes the canonical pairing of currents and test forms. This is indeed well-defined and defines a closed positive current, because ϕ is a bounded Borel function and (dd c ϕ) q−1 has measure coefficients by the induction hypothesis. Notice the fact that any closed positive current has measure coefficients.
It is also necessary to consider unbounded psh weights. On the other hand, for our purpose, it is enough to deal with weights with small unbounded loci.
Definition 2.1. Let ϕ be a psh weight of a singular metric on L. If ϕ has a small unbounded locus contained in an algebraic subset S, we define a positive measure MA(ϕ) on X by MA(ϕ) := the zero extension of (dd c ϕ) n .
Note that the coefficient of (dd c ϕ) n is well-defined as a measure on X \ S.
MA(ϕ) in fact defines a closed positive current on X. In particular, it has a finite mass on X. For a proof, see [BEGZ10] , Section 1.
Remark 2.2. In [BEGZ10] , the non-pluripolar Monge-Ampère product was defined in fact for general psh weights on a compact Kähler manifold. Note that this definition of the Monge-Ampère operator makes the measure MA(ϕ) to have no mass on any pluripolar set. In other words, MA(ϕ) ignores the mass which comes from the singularities of ψ. For this reason, as a measure-valued function in ϕ, MA(ϕ) no longer has the continuous property.
We recall the fundamental fact established in [BEGZ10] which states that the less singular psh weight has the larger Monge-Ampère mass. Recall that given two psh weight ϕ and ϕ ′ on L, ϕ is said to be less singular than ϕ ′ if there exists a constant C > 0 such that ϕ ′ ϕ + C holds on X. We say that a psh weight is minimal singular if it is minimal with respect to this partial order. When ϕ is less singular than ϕ ′ and ϕ ′ is less singular than ϕ, we say that the two functions have the equivalent singularities. This defines a equivalence relation.
, Theorem 1.16.). Let ϕ and ϕ ′ be psh weights with small unbounded loci such that ϕ is less singular than ϕ ′ . Then
holds.
Analytic representation of volume.
Let X be a n-dimensional smooth complex projective variety and L a holomorphic line bundle on X. Graded linear series is by definition a graded C-subalgebra of the section ring
They appear in many geometric situations. In fact in the present paper we give an application of the analysis of such proper subalgebras to the problem of constant scalar curvature Kähler metric. The volume of graded linear series is the nonnegative real number which measures the size of the graded linear series as follows:
The main result of [His12] gives an analytic description of the volume. The analytic counterpart of the volume is the following generalized equilibrium metric, which is originated from [Berm07] .
Definition 2.4. Let W be a graded linear series of a line bundle L. Fix a smooth Hermitian metric of L and denote it by h = e −ϕ , where ϕ is the weight function defined on a fixed local trivialization neighborhood. We define the equilibrium weight associated to W and ϕ by
Here * denotes taking the upper semicontinuous regularization of the function. The equilibrium weight P W ϕ on each local trivialization neighborhood patches together and define the singular Hermitian metric on L. We call it an equilibrium metric.
As in the subsection 2.1, we define the Monge-Ampère measure MA(P W ϕ) on X.
Theorem 2.5 (The main theorem of [His12] ). Let W be a graded linear series of a line bundle L, such that the natural map X PW * k is birational to the image for any sufficiently large k. Then for any fixed smooth Hermitian metric h = e −ϕ we have
Note that Theorem 2.5 is valid for general line bundle which is possibly not ample. We will apply this general formula to the special graded linear series associated to a test configuration of a polarized manifold.
Remark 2.6. With no change of the proof in [His12] , Theorem 2.5 can also be proved under the assumption W k is birational for any sufficiently divisible k. For non complete linear series, the condition vol(W ) > 0 does not imply that X PW * k is birational for sufficiently large k. For example, when W is defined as the pull-back of H 0 (Y, O(k)) by a finite morphism X → Y ⊆ P N , vol(W ) > 0 holds but W k never defines birational map to the image for any k. For this reason, neither does Theorem 2.5 hold for general W with vol(W ) > 0. To be precise, taking a resolution µ k of the base ideal of W k and denoting the fixed component of µ * k W k by F k , the right hand side in Theorem 2.5 is given by the limit of self-intersection number of line bundles
Test configuration and associated family of graded linear series
In this section we explain the construction of the family of graded linear series W λ (λ ∈ R) from fixed test configuration (X , L), following the recipe of Witt-Nyström's paper [WN10] . First we introduce the notion of K-stability.
3.1. K-stability.
Definition 3.1 (The definition of test configuration by [Don02] ). Let (X, L) be a polarized manifold. We call the following datum a test configuration (resp. semi test configuration) for (X, L).
(1) A flat family of schemes with relatively ample (resp. semiample and big) Q-line
which makes π equivariant, with respect to the canonical action of C * on the target space C.
Remark 3.2. As it was pointed out by [LX11] , the above original definition by Donaldson should be a bit modified. For example, if one further assume X is normal, then the pathological example in [LX11] can be removed. On the other hand, recent paper [Sz11] proposed to consider the class of test configurations whose norms T are non-zero and this condition seems more natural and appropriate for our viewpoint. In fact Theorem 1.2 gives one evidence. See also [RWN11] . We assume, however, the normality of X in proving Theorem 1.1 and 1.2.
By the flatness of π Hilbert polynomials of (X t , L t ) are independent of t ∈ C. The C * -equivariance yields an isomorphism (X t , L t ) ≃ (X, L) for any t ∈ C \ {0}. Note that the central fiber (X 0 , L 0 ) can be very singular. It is even not normal in general. A test configuration is said to be product if X ≃ X × C and trivial if further the action of
for any v ∈ V λ and τ ∈ C * . By the equivariant Riemann-Roch Theorem, the total weight w(k) = λ λ dim V λ is a polynomial of degree n + 1. Let us denote the coefficients by
We also write the Hilbert polynomial of (X, L) by
The Donaldson-Futaki invariant of given test configuration is defined to be the subleading term of
In other word, (3.5)
. Definition 3.6. A polarization (X, L) is said to be K-stable (resp. K-semistable) if F 1 < 0 (resp. c 1 0) holds for any non-trivial test configuration. We say (X, L) is K-polystable if it is K-semistable and F 1 = 0 holds only for product test configuration.
This notion of K-stability was first introduced by [Tia97] . The above algebraic definition was given by [Don02] . Note that K-stability is unchanged if one replaces L to L ⊗k since F 1 is so. The equivalence of certain GIT-stability and existence of special metric originates from Kobayashi-Hitchin correspondence for vector bundles. In the polarized manifolds case, we have the following conjecture. One direction of the above conjecture was proved by [Don05] , [Sto09] , [Mab08] , [Mab09] . That is, the existence of cscK metric implies K-polystability of the polarized manifold. See also [Berm12] for the detail study in the Kähler-Einstein case.
The stability of vector bundle is defined by slope of subbundles and to pursue the analogy to the vector bundle case, [RT06] studied the special type of test configurations which are defined by subschemes of X, and introduced the slope of a subscheme.
Example 3.8. A pair of an ideal sheaf J ⊆ O X and c ∈ Q defines a test configuration as follows. We call such test configuration as deformation to the normal cone with respect to (J , c): Let X be the blow-up of X × C along J and P be the exceptional divisor. The action of C * on X × C fix V (J ) so that it induces actions on X and P . We denote the composition of the blow-down X → X × C and the projection to X by
is smooth, P is a compactification of the normal bundle N V /X . This is why we call (X , L c ) the deformation to the normal cone. Let us denote the blow-up along J by µ : X ′ → X and the exceptional divisor by E. The Seshadri constant of L along J is defined by
Then we have the following lemma so that (X , L c ) actually defines a test configuration for any sufficiently small c.
Lemma 3.9 ([RT06], Lemma 4.1). For any
The slop theory of [RT06] was further developed by [Oda09] . We will use it in the next subsection to compute the associated graded linear series of T . Consider a flag of ideal sheaves J 0 ⊆ J 1 ⊆ · · · ⊆ J N −1 ⊆ O X and fix c ∈ Q >0 . Let us take the blow up X of X × C along the C * -invariant ideal sheaf
and denote the exceptional divisor by P and the projection map by p : X → X. Then X naturally admits a line bundle L := p * L ⊗ O(−cP ). In his paper [Oda09] Odaka derived intersection number formula of the Donaldson-Futaki invariant for this type of semi test configuration defined by flag ideals. The point is that any test configuration can be dominated by the above type of semi test configuration. 
defined by the flag is a semi test configuration which dominates T by a morphism f :
The associated family of graded linear series. Let us denote the
Lemma 3.11 ([WN10], Lemma 6.1.). Let t be the parameter of underlying space C. For any λ ∈ Z, t −λs defines a meromorphic section of L ⊗k over X .
We then introduce the following filtration to measure the order of these meromorphic sections along the central fiber.
Definition 3.12. Fix a test configuration (X , L). For each λ ∈ R, we define the subspace of H 0 (X, L ⊗k ) by (3.13)
By definition (ρ(τ )s)(x) := ρ(τ )s(ρ −1 (τ )(x)) so it holds (ρ(τ )s)(x) = ρ(τ )s(ρ −1 (τ ))(x) = s(x) i.e.s is invariant under the C * -action. On the other hand, regarding t as the section of O we have (ρ(τ )t)(x) = ρ(τ )t(ρ −1 (τ )x) = ρ(τ )(τ −1 t(x)) = τ −1 t(x). Therefore t −⌈λ⌉s is an eigenvector of weight ⌈λ⌉ with respect to the C * -action. Note that the filtration is multiplicative, i.e.
holds for any λ, λ ′ ∈ R and k, k ′ 0. The relation to the weight of the action on the central fiber is given by the following proposition.
Proposition 3.14. Let us denotes the weight decomposition of the C * -action by
Note that every weight is actually an integer so that each side of (3.15) is unchanged if one replaces λ to ⌈λ⌉. The fundamental fact established in [PS07] is that this filtration is actually linearly bounded in the following sense. In other words, there exists a constant C > 0 such that
hold for every k 1.
Definition 3.17. We set
for any k 1 and
By Lemma 3.16, λ 0 and λ c are both finite. Lemma 3.16 indicate us to consider the graded linear series
For each λ ∈ R. It was shown by [Sz11] that this family has a sufficient information of original test configuration. A result of [WN10] in fact gives the explicit formula for b 0 . 
is the Okounkov body of W λ in the sense of [LM08] , Definition 1.15 and that n! times the Euculidian volume vol(∆(W λ )) equals to vol(W λ ). Here however we give a selfcontained proof of the above theorem. Our proof is rather simple than that of [WN10] which used the method of Okounkov body. Set the counting function of weights as
It is easy to show that f k (λ) is actually left-continuous and non-increasing function.
Hence the Lebesgue-Stieltjes integral makes sense and
hold for any k. For any small ε > 0 Integration by part yields
By the definition of the volume we have
If vol(W λ ) > 0, the limit of supremum is in fact limit for k sufficiently divisible, by Theorem 4 of [KK09] (or by the proof of Theorem 3.10, Corollary 3.11, and Lemma 3.2 of [DBP12] ). Therefore the dominate convergence theorem concludes
Thus we obtain Theorem 3.19. We remark that one of the advantage to consider such graded linear series is to avoid the difficulty comes from the singularity of the central fiber X 0 . On the other hand, we have to treat with the difficulty comes from the non-completeness of linear series in this setting.
Example 3.21. Let (X , L) be the test configuration defined by an ideal sheaf J ⊆ O X and c ∈ Q as in Example 3.8. Then the associated W λ are computed to be:
for any k. As a result, we have
In fact thanks to Proposition 3.10 one can compute W λ for any test configuration.
Proposition 3.22. For any test configuration T , there exist a flag of ideals J 0 ⊆ J 1 ⊆ · · · ⊆ J N −1 ⊆ O X and c ∈ Q >0 such that W λ,k can be computed for any λ ∈ Q >0 and k sufficiently divisible, as follows:
, and
)c holds for some 1 j N.
Proof. Let us take f : X ′ → X as Proposition 3.10. Note that f is isomorphic except on the locus contained in X 0 , whose codimension is greater than 2 in X . Then it is easy to see that W λ,k for X is naturally isomorphic to that for X ′ . Therefore we may assume that X is defined by a flag J 0 ⊆ J 1 ⊆ · · · ⊆ J N −1 ⊆ O X , without loss of generality. Then we have the decomposition
, we should solve
The above equation for (i 0 , . . . , i N −1 ) has many solutions but if two solutions satisfy
N −1 ) holds for the maximal solution (i 0 , . . . , i N −1 ).
If one take a resolution µ :
where
The above computation is not so practical but here we obtain the following observation so that we may apply Theorem 2.5 to W λ . )c. Let us now fix a rational number λ ′ such that λ < λ ′ < λ c holds.
is big, this concludes the corollary.
Study of the weak geodesic ray
In this section we apply Theorem 2.5 to each W λ constructed from the test configuration to study the associated weak geodesic ray.
4.1. Construction of weak geodesic. One of the guiding principles to the existence problem of constant scalar curvature Kähler metric is to study the Riemannian geometry on the space of Kähler metrics in the first Chern class of L. A result of Phong and Sturm (in [PS07] ) gives a milestone in this direction. They showed that a test configuration canonically defines a weak geodesic ray emanating from any fixed point ϕ in the space of Kähler metrics. This builds a bridge between the algebraic definition of K-stability and the analytic stage where the cscK metric lives. Later it was shown by [RWN11] that one can also define the same weak geodesic via the associated family of graded linear series {W λ }. Let us now recall their construction. Throughout this subsection we fix a smooth strictly psh weight ϕ. It will be shown that ϕ and the family of graded linear series {W λ } canonically define the weak geodesic emanating from ϕ.
Recall that a family of psh weights Here we consider Ψ(x, τ ) as the function of (n + 1)-variables and the Monge-Ampère operator is defined in subsection 2.1. When each dd c ϕ t is a smooth Kähler metric, there is the canonical Riemannian metric which is defined for a tangent vector u at ϕ t by
By [Sem92] , it is known that MA(Ψ) = 0 if and only if the geodesic curvature for this metric is zero.
First note that given test configuration (X , L), the associated family {W λ } defines the family of equilibrium weight P W λ ϕ. Let us from now write as
The first easy observation is that ψ λ is decreasing with respect to λ. As a consequence of the Bergman approximation argument by Demailly and Lemma 3.16, we have
Further by the multiplicativity of F λ H 0 (X, L ⊗k ) one can see that ψ λ is concave with respect to λ. The main result of [RWN11] states that the Legendre transformation of ψ λ defines a weak geodesic ray. 
Then ϕ t defines a weak geodesic emanating from ϕ. Moreover, ϕ t − F 0 coincide with the weak geodesic ray constructed in [PS07] .
It is immediate to show that ϕ t is a bounded psh weight emanating from ϕ and that it is convex with respect to t. The geodecity is derived from the maximality of P W λ ϕ, that is, (4.3) ψ λ = ϕ a.e. with respect to MA(ψ λ ).
And one of the technical point in [RWN11] is to show (4.3). Such property is caused by the fact that ψ λ is defined as the upper envelops of sufficiently many algebraic weights. Note that the inverse Legendre transform maps ϕ t to ψ λ by (4.4) ψ λ = inf t ϕ t − tλ which holds on almost every point on X. Therefore the two curves have the equivalent information. Fix t ∈ [0, ∞). By the convexity of ϕ t in t, the right derivativeφ t (x) is defined for every x ∈ X. We identify this right derivative with the tangent vector of the weak geodesic. Moreover, the gradient map relation
holds almost everywhere if one set λ :=φ t (x).
4.2. Proof of Theorem 1.1. Now we prove Theorem 1.1. It was shown in [WN10] that the push-forward of the Lebesgue measure by the concave function G[T ] on the Okounkov body ∆(L) gives the weak limit. That is,
Recall that G[T ] is characterized by its property:
n is the Okounkov body of W λ in the sense of [LM08] , Definition 1.15 and n! times the Euculidian volume vol(∆(W λ )) gives vol(W λ ). Therefore it is easy to observe that the right hand side of (4.6) equals to −d(vol(W λ )). Then, by Theorem 2.5 with Corollary 3.23, we may reduce the proof of Theorem 1.1 to show
Here we used the assumption X is normal, in order to apply Corollary 3.23. By the main result of [PS10] ϕ t has the C 1,α -regularity so that we can apply Proposition 2.2 of [Bern09] . Then it can be seen that the right hand side of (4.7) is independent of t and the proof is reduced to the case t = 0. Then by basic measure theory we conclude Theorem 1.1 if for any λ ∈ R 
holds.
Proof. Let x be a point of X. If ψ λ (x) = ϕ(x), theṅ
On the other hand, by the Legendre relation (4.4),φ 0 (x) λ yields
for almost every x ∈ X.
In the case of Example 3.8, the result of [Berm07] yileds much stronger conclusion that ψ λ has C 1,1 -regularity on the bounded locus and MA(ψ λ ) = 1 {ψ λ =ϕ} MA(ϕ)
holds. Here, however, we give a proof of (4.9) without the regularity of ψ λ . Note that the set {φ 0 > λ} is open (thanks to the regularity result of [PS10] ) and contained in {ψ λ = ϕ}. It was shown by [BEGZ10] that the Monge-Ampère product is local in the plurifine topology. Therefore we have 
MA(ϕ).
Then we obtain the one side inequality of (4.9), 
This ends the proof.
4.3.
Norms on the weak geodesic ray. We conclude this paper by discussing some consequences of Theorem 1.1, which are concerned with the p-norm of test configuration. Especially in the case p = 2 we denote Q 2 and N 2 by Q and T 2 = T 2 2 . Note that the limits exist since the summations in the right-hand side can be thought as the appropriate Hilbert polynomial.
[PRS08].) Assuming these points we have (4.18)
Notice that (4.18) implies (4.15) for any 1 p +∞. One of the proof of (4.18) following the above line will be given in the preprint [BHWN12] . In fact in the Fano case, we may replace the K-energy to the Ding functional to obtain the corresponding result. Convexity of the Ding functional along any weak geodesic ray was established in [Bern11] and the relation between the gradient of the Ding functional and F 1 was shown in [Berm12] . As a corollary of these results we obtain MA(ϕ t ) n! −δ φ 0 − F 0 , in case S ϕt is well-defined. It is interesting to ask whether this condition implies the properness of the K-energy.
